Introduction
The hypertriton ( 3 Λ H) is the lightest nucleus with non-zero strangeness. It consists of a neutron, a proton and a Λ-particle. The system may roughly be described as a deuteron and a Λ-particle bound in a state with the binding energy B Λ = 0.13 ± 0.05 MeV [1, 2] . The deuteron binding energy is B d = 2.224575 MeV and the total three-body binding energy is then B = 2.35 MeV. The spin and the parity J + , respectively of the deuteron and the Λ-particle, are combined with the corresponding quantum numbers of the relative state into the total J π = 1 2 + [3] . If the deuteron remains undisturbed within the hypertriton the total orbital angular momentum can only take the values L = 0 or 2. In any case, relative s-states are probably the all-dominating components.
The hypertriton or the approximate Λ-deuteron two-body system is very weakly bound and qualify as the simplest nuclear halo system [4] with finite strangeness. The spatial extension of the system is easily estimated by the root mean square radius < r 2 > 1/2 ≈h/ √ 4µB Λ = 10.2 fm, where the reduced mass µ = m Λ m d /(m Λ + m d ) = 0.760m N is about 3/4 of the nucleon mass m N c 2 = 939 MeV. Thus the Λ-deuteron radius is 5 times larger than the root mean square radius R d = 1.971 fm of the deuteron. The system appears to be very simple, but it is close to the Λ-dripline and therefore very sensitive to the strength of the Λ-nucleon interaction, which in this way therefore is constrained by the measured hypertriton properties.
The hypertriton offers a mixture of simplicity, sensitivity and fundamental interest in connection with the interactions between nucleons and strange particles. This combination have attracted considerable (theoretical) attention over the last three decades. The interest is reflected in a number of investigations where different techniques and models are used, e.g. variational models [5, 6] , the hyperspherical method [7, 8] Faddeev calculations [9, 10] and simpler Λ-deuteron two-body models [11] . Virtually all available interactions have been used in these investigations including very sophisticated microscopic interactions. Unfortunately the results also exhibit considerable variation for example from the (observed) bound three-body structure to the (wrong) unbound Λ-deuteron system [10] .
It is also very tempting to use the hypertriton to fine-tune the Λ-nucleon two-body interaction. However, this certainly requires very accurate knowledge of both the interactions between all contributing partial waves of the subsystem and all contributing couplings to other systems for example like the Σ-nucleonnucleon system. In addition the rather delicate numerical three-body problem also must be mastered to a high accuracy.
A convenient method to solve the quantum mechanical three-body problem was recently formulated [12] and tested on various systems for example on the numerically difficult problem of the occurrence of Efimov states in nuclei [13] . It is well-known [14, 15] that one of the difficult three-body problems is to give an accurate description of a system where one binary subsystem has a loosely bound state and the third particle is weakly bound to the other two particles. The characteristic size of the Λ-deuteron system and the related small binding energy requires a rather accurate treatment of the wave function to large distances up to about 50 fm [15] . This is only barely achieved in the best of the previous investigations.
Another interesting observation in this connection is that the large extension of the system, which implies high sensitivity to the two-body interactions, at the same time provides the simplification that only low-energy properties of the Λ-nucleon interaction is really needed in the description [14, 15] . These properties may be expressed in terms of scattering lengths and effective ranges of various relative states [16] . Thus extraction of other very detailed properties of the interaction from the properties of the hypertriton might turn out to be very difficult.
The purpose of this paper is two-fold. First we want to develop, refine and test the new method to solve the three-body problem [12] . An accurate determination of the hypertriton structure, including its binding energy, is a challenging problem due to the bound subsystem and the weak binding energy [15] . The present application is an investigation of a "strange" nuclear halo system. In this connection it is worth noting that the previous elaborate and complicated Faddeev calculations were obtained by using different methods for example by working in momentum space. Results from the present new method is desirable to get an independent comparison. In addition to the bound state investigation we use the occasion to apply the method in a strict three-body computation of scattering of a Λ-particle on a deuteron which subsequently is compared to two-body scattering calculations. Secondly, we want to investigate whether the low-energy properties of the Λ-nucleon interaction suffice for the desired accurate description of the hypertriton structure. In this connection we need to study the effects of the nucleon-nucleon interaction, as reflected in the deuteron properties, on the hypertriton structure.
This paper is number five in a series discussing the general properties of three-body halo systems. They all deal with weakly bound and spatially extended three-body systems compared to the length and energy of the two-body interactions. In the first of these papers [14] we discussed Borromean systems where no subsystem is bound [17] . In the second [15] we extended the discussion to general three-body systems especially those where two and three-body asymptotics are mixed. In the third [16] we discussed the effects of the finite spins of the particles. In the fourth [18] we discuss fragmentation interactions of halo nuclei in the sudden approximation and especially the effects of final state interactions.
In this paper dealing with a strange halo, we give in section 2 after the introduction, a brief sketch of the method. In section 3 we introduce and parametrize the all-dominating set of input parameters, i.e. the two-body potentials. In section 4 we describe and discuss the numerical results and in particular the strict three-body scattering computations compared to the two-body approximation to this three-body problem. Finally, in section 5 we offer a summary and the conclusions.
Method
The method is describe in previous publications, see for example [14, 15, 16] . Therefore we shall here only give a very brief sketch, which should be sufficient to define the quantities of interest and the notation used in the following sections. We consider a system of three particles labeled by i = 1, 2, 3 with corresponding masses m i , coordinates r i and momenta p i . They interact via the two-body potentials V ij . We shall use the Jacobi coordinates, which apart from mass factors, are defined as the relative coordinates between two of the particles (x) and between their center of mass and the third particle (y). The explicit definitions and the corresponding three sets of hyperspherical coordinates (ρ,α,Ω x , Ω y ) can be found in [14, 15, 17] . Here ρ (= √ x 2 + y 2 ) is the generalized radial coordinate and α, in the interval [0, π/2], defines the relative size of x and y, where Ω x and Ω y are the angles describing the directions of x and y. The volume element is given by ρ 5 dΩdρ where dΩ = sin 2 α cos 2 αdαdΩ x dΩ y . The total wavefunction Ψ of the three-body system is given as a sum of three components ψ (i) each expressed in terms of one of the three different sets of Jacobi coordinates:
These wavefunctions satisfy the three Faddeev equations
where E is the total energy, T is the kinetic energy operator and {i, j, k} is a cyclic permutation of {1, 2, 3}. Each component ψ (i) is now for each ρ expanded in a complete set of generalized angular functions Φ (i) n (ρ, Ω i ).
where the phase space factor ρ −5/2 is extracted. The angular functions are now chosen for each ρ as the eigenfunctions of the angular part of the Faddeev equationsh
where we choose m = m N andΛ 2 is the ρ-independent part of the kinetic energy operator defined by
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Explicitly the generalized angular momentum operatorΛ 2 is given bŷ
in terms of the orbital angular momentum operatorsl 2 x andl 2 y related to the x and y degrees of freedom.
The radial expansion coefficients f n (ρ) are solutions to the coupled set of differential equations
where the functions P and Q are defined by
The asymptotic large-distance behavior of the radial potentials can be calculated in our case when one of the two-body subsystems has a bound state with the binding energy B d and the corresponding wavefunction φ(r). The result is obtained from the behavior of the individual quantities
where the index 1 refers to the lowest λ-value.
Since the diagonal terms of P vanish, i.e. P nn = 0, the diagonal effective radial potential corresponding to the lowest λ is then given by
The diagonal effective potential for higher lying λ-values, (λ n + 15/4)/ρ 2 − Q nn , instead approaches zero for ρ → ∞ at least as fast as 1/ρ 3 , see [12, 15] . The radial couplings arise from the non-diagonal parts of P and Q. They also approach zero for ρ → ∞ at least as fast as 1/ρ 3 .
3 Two-body potentials
The present three-body calculation explores how far it is possible to understand the hypertriton as a three-body system from its constituent particles and their mutual (phenomenological) interactions. The low-energy properties of the interactions and the interactions at distances much larger than the particle sizes are decisive due to the relatively weak binding of the system. We assume that the particles maintain their identity and their intrinsic structure only enter via their spins and parities. The requirements for the phenomenological two-body interactions are then first that they accurately reproduce the low-energy properties of the two-body subsystems. Secondly, the interactions must simultaneously be simple enough to allow a flexible and accurate treatment of the three-body problem. The latter requirement will be met by proper parametrization.
The nucleon-nucleon interaction
The main component of the relevant part of the nucleon-nucleon force corresponds to the quantum numbers of the deuteron, i.e. the triplet s and d-states with the total angular momentum and parity J π = 1 + . However, in the three-body system also two-body relative p-states are possible, since corresponding relative p-states of the last particle can couple to give the proper total angular momentum and parity. Higher orbital angular momenta are negligible. The total isospin of the hypertriton is zero and the nucleon-nucleon relative state then also must have vanishing isospin.
We parametrize the isospin zero part of the nucleon-nucleon interaction with central, spin-spin, tensor and spin-orbit terms as
where s N 1 and s N 1 are the spins of the nucleons, s N N ≡ s N 1 + s N 2 , l N N is the relative orbital angular momentum andŜ 12 is the usual tensor operator. It is sometimes convenient to use a "central" potential including the spin-spin part, i.e.
which then depends on the total spin s of the two-body system. To test the sensitivity of our results we want to vary the radial shapes of the interactions while keeping the deuteron properties and the low-energy scattering properties. We choose the radial shapes, V
c (r), V T (r), V so (r), of each of the terms to be either a gaussian V exp(−r 2 /b 2 ), an exponential V exp(−r/b) or a Yukawa function V br −1 exp(−r/b). The low-energy scattering data are available as scattering lengths a and effective ranges r e of the different relative states. We also have detailed experimental 6 information about the deuteron [19] 2 . In the hypertriton wave function the deuteron component is essential and reproducing the deuteron properties is therefore expected to be more important than reproducing scattering data. As the s-wave by far is the most dominating component we shall first explore this question by using only the central part of the interaction and the corresponding deuteron wave function without d-state admixture. We then adjust the range and strength of the radial two-body potential to reproduce the measured values of B d and R d . We also varied R d to see the influence of the deuteron size on the hypertriton properties. The resulting parameters for these interactions labeled 1 and 2 can be found in the upper part of table 1 for gaussian, exponential and Yukawa radial shapes. The many digits in the parameters are necessary to obtain sufficient accuracy on the computed quantities.
We now also include the d-wave admixture in the deuteron. For each radial shape we have then four ranges and four strengths to adjust to the four singlet and triplet s-state low energy parameters [20] , binding energy, root mean square radius, d-wave admixture, quadrupole momentum and the asymptotic d-to swave ratio. The parameters for these interactions resulting from this consistent treatment are labeled with an additional C and given in the middle part of table 1.
In addition we constructed few more sets of potentials which provide slightly different deuteron properties in order to check the sensitivity of the resulting hypertriton structure to these differences. Those potentials are listed in the lower part of table 1.
The various properties of the deuteron for each of these nucleon-nucleon interactions are shown in table 2. Even for the simplest central interactions we obtain scattering lengths and effective ranges for the triplet state in rather close agreement with the measured values. The more complicated potentials from the middle part of table 1 also reproduce these scattering data rather well. The quadrupole moment, the root mean square radius and the asymptotic d to s-wave ratio are reproduced as well although with minor deviations. These quantities are nicely determined and some of the remaining small deviations are in fact rather difficult to remove due to strong model correlations between the different data. The lower part of table 2 shows the properties of the additional sets of potentials. We shall use these slightly different properties of the deuteron to study various specific correlation with the hypertriton structure. 
The Λ-nucleon interaction
The Λ-nucleon relative wave function within the hypertriton is dominated by s-wave components. In the computations we shall also allow p and d-state contributions, but we shall neglect the contributions from the higher orbital angular momenta. The parametrization of the interaction are again given by the form
where s Λ , s N , and l ΛN , respectively are the spin of the Λ-particle, spin of the nucleon and the Λ-nucleon relative orbital angular momentum. The total spin is s ΛN ≡ s Λ + s N and l = 0,1. The central part may have an orbital angular momentum dependence indicated by the superscript l. This is to simplify simultaneous reproduction of all the different p-wave scattering lengths. We shall also use a parametrization without explicit l-dependence.
The low-energy properties of the interaction is not directly available from scattering experiments. However, it is known that the Λ-nucleon interaction does not bind the two-body system and the binding energy of the hypertriton can therefore be used to constrain models of this interaction. The role of the hypertriton and the Λ-nucleon interaction for nuclear systems with finite strangeness is in this way analogous to the role of the deuteron and the corresponding nucleon-nucleon interaction for ordinary nuclei.
Several models are available for the Λ-nucleon interaction. We have selected two different models developed by the Nijmegen group. They are one-boson exchange potentials obtained by using SU(3) symmetry and simultaneous fits to all nucleon-nucleon and Λ-nucleon data [21, 22, 23] . We shall here focus on the models called Nijmegen F and Nijmegen SC [21, 22] . The computed scattering lengths and effective ranges for s-states and the scattering lengths for the p-states are shown in table 3. Using the triplet p-state, this provides 7 constraints on our parametrization. For convenience we do not use the singlet p-state in the fits, since it is determined (as the s-waves) by the central and spin-spin parts of the interaction and the corresponding contributions to the hypertriton wave function are small. The low-energy parameters of the Nijmegen models F and SC are reproduced by the interactions labeled 1, 2, 3 and 4, 5, 6 respectively.
As for the nucleon-nucleon case we determine strengths and ranges of the potentials by adjusting to the model values of the s-wave scattering lengths and effective ranges and triplet p-wave scattering lengths given at the top of table 3. The remaining degrees of freedom are constrained by choosing the same ranges for some of the terms. These choices are rather arbitrary, but they influence mostly the small p-wave part of the Λ-nucleon relative wavefunction. The resulting different sets of interaction parameters (labels 1, 2 and 4) are collected in table 4 .
These interactions all overbind the hypertriton as we shall see later. The binding energy is the decisive quantity determining the structure of the halo and we must therefore adjust some of the interaction parameters to reproduce the measured B Λ . This can most efficiently be achieved by changing the scattering length of the dominating component in the wave function, i.e. the s-waves. For the two gaussian potentials (G1 and G2) we then simply reduce the strengths of the central s-wave potential by 10% resulting in the interactions G1r and G2r. For exponential and Yukawa shapes we then readjusted the parameters of the potentials to reproduce these new slightly altered low-energy scattering data. The resulting parameters for these interactions (Y1r, Y2r and E1r) are also shown in table 4. To study the dependence on scattering lengths we varied the singlet and triplet s-wave parameters independently. The new sets are labeled "ra" and "rb" and the corresponding interaction parameters for gaussian and exponential shapes are given in table 4 (labeled G1ra, G1rb, E1ra and E1rb).
As an alternative choice of the interaction parametrization we do not allow now l-dependence in the central potential leaving 8 parameters and 7 constraints. The eighth parameter is constraint by additional fit to the 3 P 2 effective range (labels 3 and 5). We use both the Nijmegen potentials, although mainly Nijmegen SC, and reproduce the scattering data with different radial shapes. Again the hypertriton binding energy turns out to be too large. We reduce the strength of (all partial waves of) the central potential by 10%. The parameters for the resulting interactions (labeled G5r, E5r and Y5r) are given in table 4 together with the corresponding data for the interactions G5ra, G5rb, E5ra, E5rb, Y5ra and Y5rb obtained by varying the singlet and triplet scattering lengths.
Finally, we have collected the scattering lengths and effective ranges in table 3 for all these Λ-nucleon interactions.
Numerical results
The method requires a priori specification of the quantum numbers of the contributing components in all three Jacobi set of coordinates. A complete basis is obtained by including all possible values of these quantum numbers consistent with the generalized Pauli principle, parity and the rules for coupling angular momenta. The isospin conservation requires that the two-nucleon system is in an isospin zero state, i.e. a deuteron-like state. Only very few of the lowest orbital angular momenta contribute to the accuracy we need. However, we shall include as many as necessary to obtain the required accuracy.
In the Jacobi coordinate system, where x refers to the relative coordinate between the two nucleons, we need to include orbital angular momenta l x = 0, 2 with the corresponding spin values s x = 0. The intermediate value l x = 1 (and the related s x = 1) is not allowed in the two-body system due to parity conservation, but the third particle can compensate by being in a relative pstate. In both the other two Jacobi coordinate systems, where x refers to the relative Λ-nucleon system, we expect again dominating components with (l x , l y ) = (0, 0) and admixture of components with (l x , l y ) = (0, 2), (2, 0), (1, 1). The dwave components can be expected to be similar to the d-wave admixture in the deuteron. The resulting set of quantum numbers in our computations are given in table 5. A number of additional channels have also been included to test the convergence. Their contributions always turned out to be negligible in the present context.
Convergence and accuracy
The large extension or the weak binding of the system relative to a free deuteron and Λ-particle demands an accurate treatment. This means that the wave function must be calculated to large distances and small components must be included both in the angular Faddeev equations and in the coupled set of radial equations. These convergence problems are essential as emphasized previously [7, 8] . The large distances are handled by analytical extrapolation of the numerically obtained λ-values. This improves significantly both accuracy and speed of the computation.
The separation energy B Λ is determined with a relative accuracy of about 10
already by including the lowest three values. This is roughly unchanged when the interactions result in both somewhat weaker and stronger binding energy. This relative accuracy is sufficient for our purpose and in the calculations we therefore always included the three lowest λ-values in the radial set of equations.
We first carry out a number of calculations using various combinations of N-N and Λ-N interactions. They are parametrized to fit some of the deuteron properties and the low-energy scattering data obtained in the two Nijmegen models. The results are shown in table 6. Different radial shapes lead to differences in binding energy of up to 250 keV out of the total energy of about 0.4 to 0.65 MeV. The N-N interactions which best fit the deuteron properties (label C) exhibit less binding and less deviations resulting from different radial shapes. All the interactions considered in table 6 produce a significant overbinding of the hypertriton. The Nijmegen F model is always closest to the measured value. Since the properties depend on the size and binding energy of the three-body system, we adjusted the interactions to reproduce the hypertriton binding energy. The resulting reduced potentials in table 4 are from now on used in the discussion.
The significance of different components in the wave functions can be seen in table 7. The contribution from the p-states amounts to 8-15 keV compared to the value of B Λ ≈ 60-157 keV. One exception is the Yukawa interaction in the Λ-N interaction where the p-states contribute up to 40 keV. These p-state contributions are not allowed in the isolated deuteron wave function, but in the hypertriton they are allowed in combination with the negative parity components in the relative Λ-deuteron wave function.
The contribution from the d-state in the Λ-nucleon channel (13 and 14 in  table 5 ) amounts to about 10-25 keV for most interactions and to 55-70 keV for the nucleon-nucleon interactions obtained by coupled channel analyses, where the tensor interaction effectively is stronger. This d-wave contribution is mediated by the d-wave in the deuteron and therefore only present when this admixture is included. With d-wave admixture in the deuteron the binding energy of the hypertriton is larger first due to the mentioned d-wave contribution in the Λ-N channel and secondly due to the deformation causing larger s-wave contribution.
The different radial shapes also marginally influence the contributions. The wave function moves with decreasing binding energy towards larger distances where the effective three-body potential is determined by the scattering lengths of the two-body potentials. Thus the detailed radial shapes should then be unimportant. However, different radial shapes of the potentials always add a small uncertainty. In the present case of B Λ ≈ 130 keV and a 2.2 MeV bound binary subsystem this uncertainty arises almost entirely from the Λ-N potential. The Yukawa potentials seems to provide up to about 50 keV more binding than the exponentials which in turn exceed the binding in gaussian potentials by about other 50 keV. The Yukawa potentials diverge at short distance which is unphysical and rather extreme. The more reasonable finite potentials like gaussians or exponentials lead to binding energies deviating by less than 40 keV. The deviations due to different radial shapes are significantly diminished when the consistent analyses of the scattering data are used to constrain the interactions. The resulting variations in binding energy then amounts to less than 66 keV between different shapes including Yukawa functions.
The sensitivity against variation of the radial shapes of the potentials is investigated by introducing a repulsive core in the central Λ-N potential. We simply use a linear combination of two gaussians where the shortest range corresponds to b = 0.53 MeV with a strength of 550 MeV. The longer-range gaussian is then used in the usual adjustment procedure where low-energy s-wave scattering data are reproduced as described before. We only include central and spin-spin terms. The resulting repulsive central potential at r = 0 is then ∼ 400 MeV. If the lowenergy properties of all partial waves should remain unchanged the l-dependent potential for each orbital angular momentum must be individually adjusted. We only do this for s and p-waves, see table 8. The effect of this repulsion is of course the tendency for the wavefunction to decrease or vanish at short distances between the two particles.
In an expansion on a basis, as we have used in the present work, this requires more basis states with sufficient nodes at short distances. Furthermore, the emphasis is somewhat shifted towards higher angular momenta needed to describe the exclusion of the wavefunction from the repulsive region. Both effects increase the difficulties in achieving high accuracy and convergence in the numerical computations. The typical results are a decrease of B Λ from 490 keV to 420 keV where we already included an energy gain of 22 keV by adjusting the p-wave scattering to resemble the result for the case without a repulsive core. For B Λ around 130 keV the total decrease in binding energy is only 17 keV and the gain by p-wave adjustment is reduced to about 17 keV, see table 9. The uncertainty related to a repulsive core is then less than the uncertainty due to different radial shapes.
Finally, we note that the mentioned total uncertainties of around 50 keV are extremely small compared to the central values of 10-100 MeV of the two-body potentials holding the system together. Thus the dependence on the details of the potentials is indeed remarkably small. On the other hand the demand for high accuracy at some point necessarily brings in some more details of the potentials. In the present case this turns out to be at around 50 keV. Improved accuracy can be achieved by an adjustment to the s-wave phase shifts over a range of (low) energies. Then the choice of radial shape would be much less important. The reason is simply that the decisive low-energy properties deviate less over the contributing range of energies.
Two-body interactions and the hypertriton structure
The structure of the hypertriton described as a three-body system is determined by the N-N and the Λ-N interactions. Since the deuteron is a main component in this structure the most important parts of the N-N interactions are those determining the deuteron structure. The all-decisive property of the deuteron is the binding energy and less importantly also the root mean square radius R d and the d-wave admixture. We show B Λ in table 10 for different sizes and identical binding energies of the deuteron. This Λ-separation energy decreases about 15 keV when R d increases from 1.904 fm to 1.971 fm. The variation of the radial shape of the N-N interaction only causes insignificant changes when both B d and R d are fixed. The inherent uncertainty in these calculations is therefore only a few keV, since the N-N interaction and the deuteron properties both are very well known.
The sensitivity to the Λ-N interaction is higher because the system is close to the threshold for binding the Λ-particle. Then only a little change of the potential will change the size and binding dramatically. Since the interaction is less known it is of considerable interest to determine the decisive degrees of freedom. This will provide information about which constraints the hypertriton properties can place on the interaction. The numerical examples in table 10 show that different interactions with the same radial shape and the same s and p lowenergy scattering data lead to the same hypertriton properties. Different radial shapes (i.e., gaussian and exponential) and identical scattering data produce a variation of B Λ of about 50 keV.
The same radial shape and a 10% bigger singlet s-wave scattering length (ra) increases B Λ by about 50-100 keV, respectively for gaussian and exponential shapes. A 10% decrease of the triplet s-wave scattering length (rb) decreases the B Λ only by about 15-30 keV, for both gaussian and exponential shapes of the interaction. At least the dependence on the singlet scattering length is significant in the present context. Thus, accurate knowledge of the binding energy constrains the s-wave scattering lengths and especially the singlet s-wave. The present accuracy on B Λ allows the claim of about 10% deviation from the value of the singlet s-wave scattering length for the interaction Fr. The original two potentials, Nijmegen F and Nijmegen SC, certainly both overbind the hypertriton. Their singlet s-wave scattering lengths are both too large.
The separation energy B Λ has so far been in focus, but the root mean square radius is another important and strongly correlated quantity. It is shown in tables 6, 7 and 10 for the different interactions. In these tables we also show the mean distance of the Λ-particle from the center of mass of the deuteron under the assumption that the deuteron is unperturbed in the hypertriton. The precise definition is given by
This distance is much larger than the size of the deuteron and the Λ-particle is therefore on average far outside the deuteron. It is easy to verify that B Λ < r 2 Λd > remains approximately constant. The reason for this two-body halo dependence is the small separation energy from a "particle" asymptotically approaching the deuteron.
We are now in a position to show the realistic structure of the hypertriton. First, we recall that the angular eigenvalues λ are closely related to the diagonal part of the effective radial potentials, (λ n + 15/4)/ρ 2 − Q nn . The λ-spectrum is therefore decisive for the spatial structure of the system. An example including the five lowest values is shown in fig.1 for the GC1 and the G5r interactions respectively for N-N and Λ-N. The behavior is typical and other realistic potentials like the combination GC1 and Y5r or GC1 and E5r would differ by about the thickness of the lines already after ∼ 3 fm (see fig.1a ).
At ρ = 0, we have the hyperspherical spectrum λ = K(K + 4), where K is a non-negative even integer. The odd numbers are excluded here for parity reasons. The lowest λ starts at zero, has a flat minimum and then bends over and diverges at large distances parabolically as λ = −2B d m N ρ 2 /h 2 . The other λ-functions reestablish the hyperspherical spectrum asymptotically at large ρ. Therefore they all approach finite constants at large ρ. In particular the lowest level originating from λ = 12 is not far from the lowest λ-value at small distance close to the attractive pocket. This level, which approaches zero for ρ → ∞, is responsible for the amount of relative p-states in the subsystems.
The radial wave functions corresponding to the three lowest λ-values are shown in fig.2 . By far the most dominating component is that of the lowest λ, which at large distances describes a Λ-particle bound to a deuteron in the ground state. The main part of the probability is found between 2 fm and 10 fm. The other components are very small, but they are essential to achieve the accuracy we want.
A more visual impression of the hypertriton structure is obtained from fig.3 , where we plot the probability distribution in the plane defined by the three particles. We use the system of coordinates where the center of mass is in the middle of the figure, the largest principal moment of inertia is horizontal and the Λ-particle is in the right half. For simplicity, only s-waves are included in the computation and we used G2 N-N and G6r Λ-N interactions (see tables 1 and 8). The probability distribution reaches its maximum at the point where the hyperradius is equal to 6.20 fm, the hyperangle is equal to 12.27 and the angle between x and y is π/2. At this point the distance between the nucleons is 1.86 fm and the distance between their center of mass and the Λ-particle is 7.65 fm.
Scattering of a Λ-particle on a deuteron
The properties of the hypertriton are also accessible through information obtained by scattering of Λ-particles on deuteron. The Λ-N interaction could be further constrained by such scattering measurements. If such information should become available and subsequently utilized the corresponding three-body scattering problem must be solved. Our method, sketched in section 2, allows computation of bound states as well as scattering problems. Both types of computations are three-body calculations and in particular the scattering problem does not have to rely on two-body or any other approximation. So far this three-body scattering computation have apparently not been carried out for the Λ-deuteron system.
The procedure is analogous to the bound state problem. The angular eigenvalues λ are first computed for each value of ρ. Then the coupled set of radial equations are solved with the proper boundary conditions, i.e. exponentially decreasing radial functions f n except for the function corresponding to the lowest λ-value, which asymptotically describes the deuteron in its ground state. This function is at large distances turning into a phase shifted sine-function in the variable ky or equivalently kρ. When the energy of the Λ-particle relative to the deuteron approaches zero we may in the usual way derive the scattering length a ρ and effective range r ρ from these phase shifts.
These quantities are then related to the ρ degree of freedom as indicated by the notation. They must then be transformed to the coordinates describing the relative distance between the deuteron and the Λ-particle. The resulting scattering length and effective range are then given by
The hypertriton has angular momentum 1 2 , which means that the deuteron 14 spin of 1 couples to the spin 1 2 of the Λ-particle. Thus the relative Λ-deuteron state or equivalently the scattering channel has spin 1 2 . In the present case we aimed directly at computation of the scattering length and effective range by using zero energy from the beginning. Then the lowest radial wave function is a straight line outside the short-range potential. The intersection with the ρ-axis gives the scattering length a ρ ( 2 S). The effective range r Λ−d ( 2 S) is obtained by direct integration of the expression
where f 0 , corresponding to the lowest λ-value, is the radial wave function normalized to unity at the origin. The related wave functionf 0 is the radial solution without any interaction. It is identical to f 0 for distances larger than ρ max or equivalently outside the short-range potential.
Using three λ-values as for the bound state calculation, we obtain a scattering length accurate up to about 1% and an effective range accurate up to about 3%. Both quantities are given in the tables 7 and 10 along with other properties of the hypertriton for the various cases considered. The large value of a Λ−d ( 2 S) is a natural consequence of the small Λ-separation energy B Λ . The connection is approximately given by
which numerically is fulfilled. The effective ranges are in all cases about 4.0 fm ± 0.8 fm, i.e. as usual of the same order as the range of the effective potentials.
Two-body approximations to the three-body problem
Reduction of a three-body problem to an effective two-body problem might be a computational advantage. It is tempting to try such a reduction for the hypertriton which approximately can be considered to be a Λ-particle and a deuteron. This case appears to be very well suited for a two-body description as also attempted previously [11] . The first step of the procedure is obviously to construct the Λ-deuteron effective potential by folding the deuteron wave function with the Λ-N interaction. The remaining steps are then of two-body nature and therefore computationally much simpler.
The interaction between the Λ-particle and the deuteron is given by The large-distance asymptotic behavior of the correct three-body wave function describes a Λ-particle bound by B Λ to a deuteron in the ground state. The relative coordinate r Λd ≡ y m N (m Λ + m d )/(m Λ m d ) is then, apart from the mass factor, identical to ρ(≈ y) at large distance. After correcting for this scale factor on the coordinate, the radial potential in the three-body computation should therefore be directly comparable to the two-body potential. Fig.4 shows this comparison between the potential corresponding to the lowest λ-value and the folding result where for simplicity only s-waves in the Λ-nucleon channel were included. The differences at short distance obviously arise from the spatial extension of the deuteron causing the coordinates to differ. The differences at large distance are also significant. The folding potential necessarily falls off exponentially in accordance with the exponential behavior of the deuteron wave function and the short-range Λ-nucleon potential. On the other hand the threebody potential decreases faster than ρ −3 , but presumably still much slower than exponentially. The reason is that the three-body potential also must account for polarization effects where the deuteron wave function in the hypertriton is distorted away from its ground state shape. Still asymptotically, but not at intermediate and short distances, the potentials both correspond to the deuteron in its ground state.
The hypertriton is in this two-body approximation always unbound, but scattering in the two-body approximation can still be studied and compared with the full three-body results. With a binding energy B Λ ≈ 130 keV the two-body approximation leads to the scattering length and effective range around 4.8 fm and 3.7 fm respectively. Through eq. (19) this corresponds to a two-body virtual state at around 680 keV, i.e. about 800 keV above the correct energy value. Therefore, we conclude that the folding model cannot be used to estimate the properties of loosely bound systems like the hypertriton. The three-body calculations are then necessary to obtain detailed information.
Summary and conclusion
The general properties of nuclear three-body halo systems have been discussed in a recent series of papers. The characteristic features of these bound states are the weak binding and the large spatial extension. The hypertriton certainly qualifies as a halo system due to the relatively weak interactions between the Λ-particle and the nucleons. Thus strangeness is involved and this system is potentially able to provide information of a very different type from that of the usual halo nuclei.
To relate any available experimental information with the basic quantities determining the hypertriton structure, it is necessary to perform accurate and reliable computations. We solve the coordinate space Faddeev equations by use of a recently developed method where the angular part first is obtained for any given average distance of the particles. The large distance behavior is known analytically and used to improve accuracy and speed of the calculations. The coupled radial equations are solved numerically afterwards. The essential largedistance behavior is in this way carefully treated as required by the small binding and the related large extension. We first sketch the method and then we parametrize the crucial input for the calculations, i.e. the two-body interactions. We use potentials with central, spin-spin, spin-orbit and tensor terms. To study the sensitivity we parametrize each of these with gaussian, exponential and Yukawa radial shapes and compare the results. For the nucleon-nucleon part we adjust the parameters to constraints obtained from the measured deuteron properties and the s-wave scattering lengths and effective ranges. The Λ-nucleon interaction is much less known. We use the low-energy parameters provided by two potentials from the Nijmegen group obtained by SU(3) symmetry and fits to all available nucleon-nucleon and Λ-nucleon data. We adjust the parameters to reproduce the corresponding s-wave scattering lengths and effective ranges and the p-wave scattering lengths. We compare results where d-wave coupling is neglected in the two-body scattering analyses used for the parameter extraction.
The dependence of the hypertriton properties on the various choices are investigated in some detail. First the convergence and accuracy of the computations are investigated. Three radial equations suffice to an accuracy of 1 part in 1000. The sensitivity to the nucleon-nucleon interaction is rather low provided the deuteron properties are maintained. Both Λ-nucleon potential models overbind the hypertriton by up to half an MeV. Since the binding energy is the crucial quantity determining the size of the system, we reduced the attractive strength of the Λ-nucleon central potential by 10%. The hypertriton energy is then roughly correct. For a larger binding energy the Λ-particle is on average closer to the deuteron and the hypertriton structure is more sensitive to the details of the two-body potentials. Most effects would then be amplified. The sensitivities are more realistic when the measured binding energy is used as starting point in the investigations.
The p-wave contribution to the binding energy is small but visible. A typical value is 10 keV. It adds a negative parity component to the relative neutronproton wave function. In the three-body system this is compensated by another p-wave in the relative Λ-deuteron wave function. The contribution to the binding energy from the d-wave in the Λ-nucleon relative state is also small but visible with a typical value of about 20 keV.
The most essential part of the Λ-nucleon interaction corresponds to the singlet s-wave. A 10% change of this scattering length changes the binding energy by about 70% around the Λ-separation energy B Λ ≈ 130 keV. Changing towards a weaker potential easily then results in an unbound system. For comparison, a change of 10% of the triplet s-wave scattering length changes B Λ by about 15 keV. The other scattering lengths are less important in this connection. To obtain the correct binding energy B Λ we must therefore have a singlet scattering length within 10% from the value 1.85 fm.
The uncertainty arising from the different choices of radial shapes of the Λ-nucleon potential amounts to 50 keV. A repulsive core of up to 550 MeV introduces an additional inaccuracy of about 15 keV for a Λ-separation energy of 130 keV. These uncertainties are significant when compared to the Λ-separation energy of about 130 keV, but extremely small compared to the strengths of the two-body potentials. This uncertainty is in fact also very small compared to 2.35 MeV which is the total hypertriton binding energy including the deuteron part. Thus the chosen low-energy scattering data determines the hypertriton structure and its binding energy to an accuracy of about 50 keV.
The origin of the differences due to the radial shapes evidently must arise from finer details of the potentials. The differences would be reduced by adjusting to phase shifts in an energy range extending beyond that reproduced by the scattering lengths and the effective ranges. This corresponds to a better description of the higher-energy or off-shell behavior. The extreme low-energy scattering properties we used in the fits can only predict structures to the accuracy 50 keV specified here. The lower the binding energy the better can the properties be predicted by the extreme low-energy scattering behavior.
The three-body scattering problem, where a Λ-particle is scattered on a deuteron, must also contain information about the hypertriton structure or the two-body interactions describing this three-body system. Using our method we carried out strict three-body calculations of scattering length and effective range. The results are the first theoretical prediction of these quantities for the Λ-deuteron system. The scattering length is closely related to the size of B Λ and the effective range is of the order of the range of the effective three-body radial potential.
We also tested the two-body approximation obtained by folding the deuteron wave function and the Λ-nucleon interaction. We computed binding energies and scattering properties. The approximation is inadequate for the details and the accuracy required in the present investigation.
In conclusion, the hypertriton is a challenging system where a careful treatment is necessary to connect measured values with the basic interaction involving strangeness. The halo structure makes the large distances important and the numerical work difficult. The details of the interactions enter rather weakly in the hypertriton structure which predominantly is determined by a few of the scattering lengths. Thus further constraints on the interaction would certainly require considerably higher accuracy both in measurements and in calculations. The probability distribution for the hypertriton in the plane drawn through the three particles. The system of coordinates is defined by the following constraints: i) the center of mass is in the middle of the figure; ii) the principal moment of inertia is along horizontal axes; iii) the Λ-particle is in the right half of the figure.
Only s-waves are included in the computations. The G2 and G6r interactions, respectively for the N-N and the Λ-N subsystems, are used (see tables 1 and 8). Regions with higher z values are darker. Figure 4 The folding potential V Λd (dot-dashed curve) compared to the effective three-body radial potential V ef f (solid curve) for the interactions GC1 and G6r. The coordinate used is ρ and the mass corrected distance between the Λ-particle and the deuteron y = r Λd ( The columns contain the deuteron configuration, the root mean square radius < r 2 > 1/2 , the d-state probability P d , the electric quadrupole momentum Q d , the asymptotic d to s-wave ratio η d , and the s-wave scattering lengths a and effective ranges r e . The deuteron binding energy is B d = 2.224575 MeV. The last row shows the experimental values. Note that in our sign convention a negative scattering length corresponds to a bound state. Table 3 : Scattering lengths and effective ranges in fm for the two selected Λ-nucleon (Λ-N) models [21, 22] . The rows labeled Fr and SCr represent the values obtained by a 10% reduction of the s-wave central strength of the gaussian interactions, which otherwise reproduces the values for these quantities obtained from the two models. The rows labeled ra and rb represent variations where either the singlet S or the triplet S scattering lengths are changed from the values of Fr and SCr by 10%, respectively up or down. Finally, the two last rows represent the the s-wave low-energy data of the models SC and SCr respectively, reproduced by using gaussian interactions with only central and spin-spin terms, with (label cp) and without repulsive core, see table 8 . The contributing three-body channel quantum numbers for the hypertriton ground state. The upper part of the table refers to the Jacobi coordinates with the Λ-particle as spectator, while the lower part refers to the other Jacobi systems where one of the nucleons is the spectator. The quantity t x is the total isospin of the two-particle system connected by the relative coordinate x. 
